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Abstract With non-semisimple Lie algebras, the trace identity was generalized to discrete
spectral problems. Then the corresponding discrete variational identity was used to a class
of semi-direct sums of Lie algebras in a lattice hierarchy case and obtained Hamiltonian
structures for the associated integrable couplings of the lattice hierarchy. It is a powerful
tool for exploring Hamiltonian structures of discrete soliton equations.
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1 Introduction

The theory of integrable Hamiltonian systems with infinite dimensions has gone through
rapid development since the late 1960s. In 1989, professor Tu proposed an efficient ap-
proach to searching for integrable Hamiltonian hierarchy [1]. And using Tu scheme, a lot of
integrable systems with Physics significance have been obtained [2—4].

Recently,an algebraic approach to integrable coupling [5] was presented based on the
concept of semi-direct sums of Lie algebras [6, 7], which provide a powerful tool to analyze
integrable equations and integrable couplings.

Now we assume that a pair of matrix discrete spectral problems

ey

E®=Ud=Uu,)d
S, =Vd=Vu, Eu, E 'u,..., ),

where u = u(n, t) is the potential, ®, denotes the derivative with respect to ¢, A is a spectral
parameter, E is the shift operator. Then through the discrete zero curvature equation

U=EV)U-UV 2)
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Equation (1) can generate a discrete soliton equation
u,=K=Kmt,u,Eu,E 'u,...) 3

In order to generate integrable couplings of (3), we take a semi-direct sum of G with another
matrix loop algebra G, as follows [7]:

G=G®G. “)

where G, G, sa_tisfy [G,G.]={[A,B]| A € G, B e G_.}. Obviously, G, is an ideal Lie
sub-algebra of G.
We choose a pair of enlarged matrix discrete spectral problems

56 :_U_$ =_U(ﬁ, AP, . 5)
&, =Vod=V@u, Eu,E'u,....)®
where U=U +U.,V=V+V,U.,V,€G..
Then the corresponding enlarged discrete zero curvature equation
U =(EVHU-VU (©6)
is equivalent to
U =(EV)U-VU, 7
Uy =IEV)U = U VI+(EVHU = UVl +[EVHIU: — U Ve]

Thus, the whole system above provides a coupling system for (3).

2 Discrete Variational Identity and a Formula for the Constant y

For a given spectral matrix U = U (4, A) € G, where G is a matrix loop algebra, we can
define rank(U), the rank function satisfies

rank(AB) = rank(A) + rank(B) (8)
In order to keep the rank balance in equations,we define
rank(E) = rank(U) =0 9
the requirement rank(E) = 0 is due to the stationary discrete zero curvature equation
(EVYEU)=UV (10)

and the requirement rank(U) = 0 is due to the discrete spectral problem E® = U ® in (1).
Let the two arbitrary solutions V; and V, of (10) with the same rank be linearly related
by

Vi=yVa, vy =const. (11)

Since semi-direct sums of Lie algebras are not semisimple,we can replace the Killing
forms with general bilinear forms to establish Hamiltonian structures for discrete soliton
equations associated with semi-direct sums of Lie algebras.
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Given a non-degenerate bilinear form (., .) on G, with the symmetric property
(A, B) = (B, A) (12)
and the invariance property under the multiplication
(A,BC)=(AB,C) (13)
Consider a functional

a):Z((V, U,)+ (A (EV)(EU)-UYV)) (14)

nez

which has the following variation constraint conditions:
Vyw=U, +U(E™'A) — AU, Vaw=(EV)(EU)—-UV (15)

Theorem 1 [8] (The discrete variational identity under general bilinear forms)

Let G be a matrix loop algebra, and U = U (u, L) € G be homogeneous in rank such
that (10) has a unique solution V € G of a fixed rank up to a constant multiplier. Then for
any solution V € G of (10), being homogeneous in rank, and any non-degenerate bilinear
form {.,.) on G with the symmetric property (12) and the invariance property under the
multiplication (13), we have the following discrete variational identity

5 d U
SN WUy =2 =1V, == 16
ou 2V U I < 8u> (16)

where 8‘% is the variational derivative with respect to the potential u and y is a constant.

Theorem 2 [8] Let V be a solution to (10) and I' = VU. If (I', ") # 0, then the constant y
in the discrete variational identity (16) is given by

A T (17
=—=—1In .
Y="%an :

3 The Hamiltonian Lattice System and Its Integrable Coupling

The discrete spectral problem for the lattice hierarchy is given by
E¢p=Uu, ¢ U=Uwpy=(" ~ o= (% (18)
=U(u, ¢, =U@.p.0=\_ /) =\ o,

SetI'=(“")=Yo(" ’ YA~ the discrete stationary zero curvature equation (ET)U —

c—a ¢ —a;

UT =0 gives rise to

rb™ 4 %c =0,

— L@ 4 a) + 2bD + 56D =0,

—r@W +a)—rc—sc=0,

—1e®W —rb— 1@V —a) — 5@V —a)=0.

19)
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Seta=7),_ga,r", b=} b A", c =), oc,A7", then (19) becomes

rb" 4+ 1c, =0,
—L@® +a)+ b, +sb" =0,
—Nd”+w)—wﬂ scy =0,

rc,(ll) —rb, — (an+1 ani1) —s(aV —a,) =0.

(20)

This system can uniquely determine all sets of functions a;, b; and c;, the first three sets are

ag = 1 b()—C()—O
Obl __1,6‘1—}"
az = ,715172 pC=-rs

The compatibility conditions of the matrix discrete spectral problems
Ed=UOQ, o, =V, v = iy, (1)

where (A"*'T"), denotes the polynomial part of A"*!T" in A.
Then determine the lattice hierarchy of soliton equations

Yt n = Cn+1,
{ Stn =0d, 1 — dntl (22)
Since
1
(V,U,) =te(VU,) = —c,
r
1
(V,Us) =te(VUs) = —c, (23)
r

A—i—sc a—a®
Jr( )

(V,U)—tr(VU)—— .
r r

)

where V =T'U~!, by using the trace identity with y = 0, we obtain the Hamiltonian struc-
tures for the Toda lattice hierarchy:

r 8Hn 0 r Cn+1
n — = ) Ji = ) Hn: - ) O
“ (s) u ‘ <—r 0) Z( (n+1>r> "

neZ
(24)

Now we introduce two Lie algebra of 4 x 4 matrix [7]

_ _[(A 0 (a1 a O Ay 4, = (95 9
G_GGBGC—{<O A0)|A0_(a3 a4>}®{(0 O>|A1_(a7 ag)} (25)

where a;, 1 <i < 8 are real constants.
Define the mapping

a a das ds
as d4 a7 ag
a a

o:G — RS, A (ar,...,a5)" A=

)

(26)

=]
=)
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The corresponding Lie bracket [, .] on R® can be computed as follows

la, b]" = (a3by — b3aa, asby — byay + asbs — byas, azby — byas + aby — byas,
ayby — byas, a;by — byas + azbe — bzag, asbs — bsaz + ab; — byaz,
asby — beay + agb, — bgay + arbs — bras + asbs — baag,

asby — bsaz + a;b4 — byas + a by — biag + azbg — bsag)

=a’ R(b)
where a = (dl, ...,ag)T,b: (bl, ...,bg)T € R8
0 —b, b3 0 0 —bg b, 0
—bs by —by 0 by —b; bs—bg 0 by
by 0 by—by —by bg 0 bg —bs —bg
1 o b, —bs 0 0 bg —by 0
k) = 0 0 0 0 0 —b, b3 0 @7
0 0 0 0 —by b—by 0 b3
0 0 0 0 by 0 by—by —b,
0 0 0 0 0 b, —b; 0
A bilinear form on R® can be defined by
(a,by=a” Fb (28)
where F is a constant matrix F' = ( fij)gxs, satisfies
FT=F, R(Mb)F=—-R®b)FT (29)
Solving the system yields
1 000 1O0O0O0
001 00O0T1O0
01 00O0T1TUO0OTO
1 001 1001
F= 1 000 0O0OO (30)
001 0O0O0O0TO
01 00 O0OOO O
1 001 0O0O0O0

For the above spectral problem,we define the corresponding enlarged spectral matrix as
follows

U U,

U:U@m:(o U

0
)eG@GC, Uc,zUa(u,qr)z(u2 Zi) 31

where u,u,,us; are two dependent variable and the enlarged potential u reads u =
(ry s, w1, uz, u3)" .
To solve the corresponding enlarged stationary discrete zero curvature equation

™77 _7/T — T r Fa _ e f
(ET)U —UT =0, F_<O F), n_<g_%)
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i.e.
(EDYU —UT,+(EDU, —U,I' =0 (32)
Sete=)", g€t [ =220 ar™", §=)_,208,27" then (32) becomes
rb{V + %c,, =0,
—}(a,(ll) +a,)+ b,(121 +sbV =0,

r@a" +a,) +sc, + cpr1 =0,
@)} = an1) +s<a<'> —ay) +rb, + 1P =0,

33
b 4 rfD 4 Lo —ueh =, (33)
1
“la,(,l) + Msb,(,l) - ;Cf,l) +Sf,,(1) + fn(Jr)1 + %hm +ua, =0,
—upaV +rhD —re, — g, 11 — 58, — ura, — usc, =0,
1
Mlc,(,l) — M3a,(,l) — %g,gl) + h;(1+)1 +shfll) —rfy —hypy1 — shy, —usb, +uza, =0
and the initial values are: ag = —%, by=cy=ey=fo=go=jo=ar=e;=h; =0,b; =
_V(]Tl)’cl :r,f] =u,g :u2,a2:—r(:—l)...
Now we define
—n vl ylnl _ |
= ( o vim)€G V=00 n=0 (34)

where V" is defined as in (21) and (A"*'T,) . denotes the polynomial part of A"*'T", € A.
Then the m-th enlarged discrete zero curvature equation

U, =EVYT-uv"

leads to
T'tn = Cn41,
_ ()
Stn =4y — Ant1,
€3}
W) =—fo11s (35)
U2)in = Gnt1, "
(“3)1:1 = hl1+l hn+1
i.e.
(1) (1)
h —h a —a
+1 M+l n+1 41 1) uy
r ; Cn+tls 1 . + . it — Ui,y — Z0n+1
— C,
s Ayi) = Anyls ":f' — ”—%CHH + g"r“
— (1 —
Ui = — =J (€9]
Jntl —ra,.,
uz 8n+1 Antl
oyt — hy) o
Us/ tn n+l — N, Sntl
" (36)
0 0 0 0 r
0o 0 -1 —r 0
_ 1 1
H=] 0 = 0 0 —(; +u)
0 r 0 0 Uy —r
—r 0 % +u r—up 0

To construct Hamiltonian structure of these integrable couplings by using the discrete vari-
ational identity (16) and (27), (29), direct computation we have
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(VU =(V,U)=cr™" —ur? +gr ',

A+s

(V,U,)= ((A +s)c+ra+uzc— uye — r’ub + (x +s)g—rh+r(x —|—s)u1c>r72,

+ar ' —uyrla+r""e,

( ,Uul):(k+s)c+ra,

where U is defined by (31) and V =TU ', T being defined by (32).
Then,by using the discrete variational identity (16) with y =0, we get

§ — - 1 Qupyt —a'" u C u g+l
__Hn — < n+l1 n+ + + n+l ula(l) _ _Zan_H’ Cntl _ZCn+1 + i
Su r r ntl 2 r r? r
1 A+l Cmtl !
_ran+l,T,T> (37)

= UrCnt2 — TCni2 — VFEny2
Hn+1—2< T ) n=0
nez

Consequently, we obtain the Hamiltonian structure for the hierarchy of integrable couplings
in (34):

v

_ =

Uy = 5 :JZEHIH—I’ n>0 (38)
47 in

where the Hamiltonian functional E,,Jr 1,n >0 are given in (37) and the Hamiltonian oper-
ator J, is defined in (36).
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